
Bott's residue formula
in At' - enumerative

geometry



(AI
'-1 enumerative geometry

Example : How many lines are there on a smooth cubic surface ?

Over Q : 27
Clebsch cubic surface Fermat cubic

( Cayley - Salmon 1849 )
✗{txistxzstx33-fx.tn/-xztxzPXo3txPtxz3txz3--O

→ enumerative geometryCu : - fu : v : -girl
Over IR :

3 • 3 . 3 = 27 → 3,7
,
15,27 lschbifli 1863 )

→ signed count =3 ( Segre 1942)

→ real enumerative geometry
in GW (K) : 15<1> + 12<-1 >

( Kass - Wiclielgren 2017)
→ At ' -enumerative geometry



Grothendieck - Witt ring of K chart -1-2

GWCK) := group completion of isometry classes of

non - degenerate quadratic forms over K

Addition : ① g- i. V. → k

9- i. V2→ u
9- '+09-2 :K⊕Vz→K

Multiplication : ⊕
1

generators : g- = a. xitazxzt . - - tank
< a > = [axe ] aᵗk%k✗i Examples :

relations : 11 < a > < bs=<ab> 1) GWCGIE 72

2) <a> + <b > = < atb > +< ablatbb WCG / I 212
3) < a > + a- a > = < I > 1- a- I > = :b 21 GWIIRIE 72×2

hyperbolic form
≈ as a group

WINE ≥

Witt ring Wchl := 954¥



How to count lines :

vi. = Sym 'S
"

Syn } Steg = degree 3 poly 's on l

↓

① ( 1,37 ← Grassmannian of lines in P
≥

[is section

✗ = { f- 0 } ≤ IP} cubic surface → of : GCI , 3) → Sgr'S
"

✗ deg 3 0,11111 = fle
=

# lines on ✗ #zeros of of = deg elvl✗
Euler class

In Gullet : Want to compute degree of

e'*
'

( V1 c- Hal ¢11,37 ,
KYW / def

_ ' V11

= Clt * ( GC 1,37 ,
det

- ' V7
CITY Speck ) =GWCh) ↑ oriented Chow groups



Computing degecvl using Bott 's residue formula

Equivariant cohomology
GA ✗ • G algebraic group scheme

• ✗ algebraic variety
Example :

EG → 139--1=-919
• G= @ *

contractible
+ classifying

with free G-action space Hqttpt / = H'CBG / = HT¢P4=I[t ]
✗ g :=

EG
( e.g. ✗ Ince , g.× ) • G = @Hs

Hill ) := 1-14×97 Hi Cpt ) = Ztt , , - - - its]

For ✓ → ✗ G- vector bundle

→ vector bundle Va → ✗ g each := e( Vg )



Theorem ( Bott 's residue formula ) G = @
* Is

Gnu ✗ with finitely many fixed pts pit . _ , pn ,
✗ c- H{ ( X)

deg ✗ = Édegei,× , ipi : 'pit → ✗
5=1

ease
c-

✗each
✗ ✗ a

- HMX /← It;( × ) -

"
✗ ↓ ↓ñ✗a → / "

Kit
.

U

Pt→ BG degecv ,
H•(pts H*cBG1

↓
degeo.cat

So deg e( V1 = evo E
fixedpts

↳ %¥× ,



Back to counting lines : Hail ptl = ≥ [ toit , , tats]
G-_¢74 A

3
→ ④ 1 's 9111,31

6 fixed pts : lij = { ✗ i=✗j= 01
V - Synissr → GCI , 3)

deg ECVI = evo Edeg É
fixed GCTpq( 1,31 ,

Bott 's
residue

ptsp formula

123--1×2=1/3--01 Sym
"

Suge
, , ]

has basis XP
,
✗Tx

, , xox,?x ,
}

G- repo 4 1-dim ired subspaces

eqlsym } Sye
, ]
) = 3. to . ( Ztot -47 ( to 1-2-47 - 3T

,

eg ( Tee,] 44,371
= (to - -41 ( to - t} ) ( t ,

- tz ) ( t
,
- Es )

Exercise .

_ deg ecv ) = 27



Cohomology with Witt valued coefficients
• W sheaf on Smk

← smooth varieties over K

• can take cohomology with coefficients in this sheaf

eg It
_

( Speck ,Wl= WIKI
• have pullback
• proper push forward with twists

H' CX
,
Wcwxae ) ) -7 It

☒ ( Y ,W( wya ) /

◦ have equivariant cohomology

Theorem ( Ananyevskiy ) : Recall

11-413101 = Ift]
1-1*113512

,
WI = WIKI [ te ]

but

11-41369 WI - WCG )



Bott 's residue formula for cohomology with Witt coeff
Thin ( M

.

Levine )
at ✗

18¥ , /
N = normalizer of 19m in 512

Nnux with finitely many fixed pts
Then for ✗ c- HN*( ✗ ,

Wcwx /all

deg ✗ = & deg ;÷p× ,
ip : Ipl ↳ ✗

fixed pts

Rmk / Levine ) :

• N is generated by 1-=/ It:/ & 0=198 )
◦ H•( BN

,
Wl [ e- I ] I HTB.sk ,W)[e- ' ]

e =
Eater class of fundamental reps stir AAT



In
"

Motivic Euler characteristics

Irreducible N- representations ( Levine ) : and Witt valued characteristic

classes "

pi : N → Gl , 1-1-31 or> - I

pñ : N
- > Glz 1- → t:(¥+41 ,

or, _ ( °
'

C- ' in 0/1 new
→ bundle ( in ) → BN

Elm / = { ± ,
'

"

m -= I (4)

in = - I 147
Thin (Levine )

c- H2 ( BN ,W ) m odd

• elam , , = {
"4- m - e

z - I c- HZIBN ,wtyH m=2 ( 41

hr≥1 - z -é c- H2 / BN
, went in :O (4)

E' = 4e2 ↑

a e( 0%1071 = 0 nontrivial

dart of Pic N)
• ec 8- lull = - el 0%77



Back to counting lines : V=Sym3S
"

-3 $11,31

N A AYU → N A ¢4,37 with 2 fixed pts
with weights wi&wz lo

,

-

_ 4×0=-9--07 & 123--4×2--9=01

V.ge
,]

= < ✗ 03
,
✗ is > ⊕ < ✗Px

, ,✗◦✗i >

53 pi
( He
, ]

) = 3 - wt - e
'

N

e%T[e
, , ]
# 1,311 = (Wi - wife ?

3wz2e2
E. degelV = tw.ee = 3. c- wait
fixed e( Tp ¢11,3 ) ) (wit - write ?

ptsp

In GWCU ) : 272--3 - h t 3<1 > c- away



Conjecture (Clemens 1984 ) :

A general quintic hypersurface in P " contains only

finitely many smooth rational curves of degree d.

true for
'

dell
,
unknown else

How many ? can be computed
d=1 ( lines ) : 2875

residueKatz1gÑᵗᵗˢµm , , ,d=2 (conics ) : 609 250! ( twisted cubics) : 317206375 Ellingsnd - Stromme 1954

formula for general d by Candelas - dela Ossa - Green ( 1991 )

proved by Girental 49961
,
Lian - Liu - Yau 49971



vector → Eg → µ
←

'

twisted cubic
Ellingsrud - Stromme : bundle

4 in p4

# twisted Cubias = deg ( e( G- 1)
Levine - P. : G- → Hy is relatively orientable

and deg ( Es ) ) = 765<1 > c- WCG /

In Gwlhl :

3172063752--765 .tn + 765<1> C-Gw / G)

email c- HMX
,
Wldet - ' V11

More counts :
112

H*l✗
, Wlwxae ) /

it

def _
'
✓① Wku

=~L⊕2



THANK

YOU ?


